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The BFKL resummation at LL and NLL accuracy is briefly reviewed, with particular emphasis on the connection
between the NLL corrections to the BFKL equation and exact NNLO calculations.
1. LL BFKL
In the limit of center-of-mass energy much
greater than the momentum transfer, sˆ ≫ |tˆ|,
any scattering process is dominated by gluon
exchange in the cross channel. Building upon
this fact, the BFKL theory [ 1] models strong-
interaction processes with two large and dis-
parate scales, by resumming the radiative cor-
rections to parton-parton scattering. This is
achieved to leading logarithmic (LL) accuracy, in
ln(sˆ/|tˆ|), through the BFKL equation, i.e. a two-
dimensional integral equation which describes the
evolution in transverse momentum space and mo-
ment space of the gluon propagator exchanged in
the cross channel,
ω fω(ka, kb) = (1)
1
2
δ2(ka − kb) +
α¯s
π
∫
d2k⊥
k2
⊥
K(ka, kb, k) ,
with α¯s = Ncαs/π, Nc = 3 the number of colors,
ka and kb the transverse momenta of the gluons
at the ends of the propagator, and with kernel K,
K(ka, kb, k) = (2)
fω(ka + k, kb)−
k2a⊥
k2
⊥
+ (ka + k)2⊥
fω(ka, kb) ,
where the first term accounts for the emission of
a gluon of momentum k and the second for the
virtual radiative corrections, which reggeize the
gluon. Eq. (1) has been derived in the multi-
Regge kinematics, which presumes that the pro-
duced gluons are strongly ordered in rapidity and
have comparable transverse momenta.
The solution of eq. (1), transformed from mo-
ment space to y space, and averaged over the az-
imuthal angle between ka and kb, is
f(ka, kb, y) =
∫
dω
2πi
eωy fω(ka, kb) (3)
=
1
k2a⊥
∫ 1
2
+i∞
1
2
−i∞
dγ
2πi
eω(γ)y
(
k2a⊥
k2b⊥
)γ
,
with ω(γ) = α¯sχ(γ) the leading eigenvalue of the
BFKL equation, determined through the implicit
equation
χ(γ) = 2ψ(1)− ψ(γ)− ψ(1− γ) . (4)
In eq. (3) the evolution parameter y of the prop-
agator is y = ln(sˆ/τ2). The precise definition of
the reggeization scale τ is immaterial to LL ac-
curacy; the only requirement is that it is much
smaller than any of the s-type invariants, in or-
der to guarantee that y ≫ 1. The maximum of
the leading eigenvalue, ω(1/2) = 4 ln 2α¯s, yields
the known power-like growth of f in energy [ 1].
What does the BFKL theory have to do with
reality ? There is no evidence, as yet, of the ne-
cessity of a BFKL resummation either in the scal-
ing violations to the evolution of the F2 structure
function in DIS (for a summary of the theoretical
status, see ref. [ 2]), or in dijet production at large
rapidity intervals [ 3]. The most promising BFKL
footprint, as of now, seems to be forward jet pro-
duction in DIS, where the data [ 4] show a better
agreement with the BFKL resummation [ 5] than
with a NLO calculation [ 6] (for a summary of
dijet and forward jet production, see ref. [ 7]).
2In a phenomenological analysis, the BFKL re-
summation is plagued by several deficiencies; the
most relevant is that energy and longitudinal mo-
mentum are not conserved, and since the momen-
tum fractions of the incoming partons are recon-
structed from the kinematic variables of the out-
going partons, the BFKL prediction for a pro-
duction rate may be affected by large numerical
errors [ 8]. However, energy-momentum conserva-
tion at each gluon emission in the BFKL ladder
can be achieved through a Monte Carlo imple-
mentation [ 9] of the BFKL equation (1).
Besides, because of the strong rapidity order-
ing between the gluons emitted along the lad-
der, any two-parton invariant mass is large. Thus
there are no collinear divergences, no QCD coher-
ence and no soft emissions in the BFKL ladder.
Accordingly jets are determined only to leading
order and have no non-trivial structure. Other
resummations in the high-energy limit, like the
CCFM equation [ 10] which has QCD coherence
and soft emissions, seem thus better suited to
describe more exclusive quantities, like multi-jet
rates [ 11]. However, it has been shown that, pro-
vided the jets are resolved, i.e. their transverse
energy is larger than a given resolution scale, the
BFKL and the CCFM multi-jet rates coincide to
LL accuracy [ 12].
2. NLL BFKL and NNLO
In addition to the problems mentioned above,
the BFKL equation is determined at a fixed value
of αs (as a consequence, the solution (3) is scale
invariant). All these problems can be partly alle-
viated by computing the next-to-leading logarith-
mic (NLL) corrections to the BFKL equation (1).
In order to do that, the real [ 13] and the one-
loop [ 14, 15, 16] corrections to the gluon emis-
sion in the kernel (2) had to be computed, while
the reggeization term in eq. (2) needed to be de-
termined to NLL accuracy [ 17].
From the standpoint of a fixed-order calcula-
tion, the NLL corrections [ 13, 14, 15, 16, 17]
present features of both NLO and NNLO calcu-
lations. Namely, they contain only the one-loop
running of the coupling; on the other hand, in or-
der to extract the NLL reggeization term, an ap-
proximate evaluation of two-loop parton-parton
scattering amplitudes had to be performed [ 17].
In addition, the one-loop corrections to the gluon
emission in the kernel (2) had to be evaluated to
higher order in the dimensional regularization pa-
rameter ǫ, in order to generate correctly all the
singular and finite contributions to the interfer-
ence term between the one-loop amplitude and
its tree-level counterpart [ 15, 16]. This turns
out to be a general feature in the construction of
the infrared and collinear phase space of an ex-
act NNLO calculation [ 18], and can be tackled
in a partly model-independent way by using one-
loop eikonal and splitting functions evaluated to
higher order in ǫ [ 19].
Building upon the NLL corrections [ 13, 14,
15, 16, 17] to the terms in the kernel (2), the
BFKL equation was evaluated to NLL accuracy [
20, 21]. Applying the NLL kernel to the LL eigen-
functions, (k2
⊥
)γ , the solution has still the form of
eq. (3), with leading eigenvalue,
ω(γ) = α¯s(µ)
[
1− b0α¯s(µ) ln(k
2
a⊥/µ
2)
]
χ0(γ)
+ α¯2s(µ)χ1(γ) (5)
where b0 = 11/12− nf/(6Nc) is proportional the
one-loop coefficient of the β function, with nf
active flavors, and µ is the MS renormalization
scale. χ0(γ) is given in eq. (3), and χ1(γ) in ref. [
20]. In eq. (5), the running coupling term, which
breaks the scale invariance, has been singled out.
Both the running-coupling and the scale-
invariant terms in eq. (5) present problems that
could undermine the whole resummation program
(for a summary of its status see ref. [ 22]). Firstly,
the NLL corrections at γ = 1/2 are negative
and large [ 20] (however, eq. (5) no longer has
a maximum at γ = 1/2 [ 23]). Secondly, double
transverse logarithms of the type ln2(k2a⊥/k
2
b⊥),
which are not included in the NLL resummation,
can give a large contribution and need to be re-
summed [ 24]. Double transverse logarithms ap-
pear because the NLL resummation is sensitive to
the choice of reggeization scale τ ; e.g. the choices
τ2 = ka⊥kb⊥, k
2
a⊥ or k
2
b⊥, which are all equivalent
at LL, introduce double transverse logarithms one
with respect to the others at NLL. An alternative,
but related, approach is to introduce a cut-off ∆
as the lower limit of integration over the rapidity
3of the gluons emitted along the ladder [ 25, 26].
This has the advantage of being similar in spirit
to the dependence of a fixed-order calculation on
the factorization scale, namely in a NLL resum-
mation the dependence on the rapidity scale ∆
is moved on to the NNLL terms [ 26], just like
in a NLO exact calculation the dependence on
the factorization scale is moved on to the NNLO
terms.
Finally, we remark that so far the activity has
mostly been concentrated on the NLL corrections
to the Green’s function for a gluon exchanged in
the cross channel. However, in a scattering am-
plitude this is convoluted with process-dependent
impact factors, which must be determined to the
required accuracy. In a NLL production rate, the
impact factors must be computed at NLO. For
dijet production at large rapidity intervals, they
are given in ref. [ 27].
REFERENCES
1. E.A. Kuraev, L.N. Lipatov and V.S. Fadin,
Zh. Eksp. Teor. Fiz. 72,
377 (1977) [Sov. Phys. JETP 45, 199 (1977)];
Ya.Ya. Balitsky and L.N. Lipatov, Yad. Fiz.
28 1597 (1978) [Sov. J. Nucl. Phys. 28, 822
(1978)].
2. S. Catani, Proc. of the 18th Symposium
on Lepton-Photon Interactions, LP97, Ham-
burg, Germany, A. De Roeck and A.
Wagner ed., World Scientific pub., 1998,
[hep-ph/9712442].
3. A.H. Mueller and H. Navelet, Nucl. Phys.
B 282, 727 (1987). V. Del Duca and
C.R. Schmidt, Phys. Rev. D 49, 4510 (1994)
[hep-ph/9311290]. W.J. Stirling, Nucl. Phys.
B 423, 56 (1994) [hep-ph/940126];
Phys. Lett. B 329, 386 (1994).
4. H1 Collaboration, S. Aid et al., Phys. Lett.
B 356, 118 (1995); ZEUS Collaboration,
J. Breitweg et al., Eur. Phys. J. C6, 239
(1999) [hep-ex/9805016]; H1 Collaboration,
C.Adloff et al., Nucl. Phys. B538, 3 (1999)
[hep-ex/9809028].
5. A.H. Mueller, Nucl. Phys. B (Proc. Suppl.)
18C, 125 (1991); W.-K. Tang, Phys. Lett.
B 278, 363 (1991); J. Bartels, A. De Roeck
and M. Loewe, Z. Phys. C 54, 635 (1992);
J. Kwiecinski, A.D. Martin and P.J. Sut-
ton, Phys. Rev. D 46, 921 (1992); J. Bartels,
V. Del Duca, A. De Roeck, D. Graudenz and
M. Wu¨sthoff, Phys. Lett. B 384, 300 (1996)
[hep-ph/9604272].
6. E. Mirkes and D. Zeppenfeld, Phys. Rev. Lett.
78, 428 (1997) [hep-ph/9609231].
7. V. Del Duca, Proc. of the 12th Hadron Col-
lider Physics Symposium, Stony Brook, NY,
1997, [hep-ph/9707348].
8. V. Del Duca and C.R. Schmidt, Phys. Rev. D
51, 2150 (1995) [hep-ph/9407359].
9. C.R. Schmidt, Phys. Rev. Lett. 78, 4531
(1997) [hep-ph/9612454]. L.H. Orr and
W.J. Stirling, Phys. Rev. D 56, 5875 (1997)
[hep-ph/9706529]; Phys. Lett. B 429, 135
(1998) [hep-ph/9801304]; Phys. Lett. B 436,
372 (1998) [hep-ph/9806371].
10. M. Ciafaloni, Nucl. Phys. B 296, 249 (1987).
S. Catani, F. Fiorani and G. Marchesini,
Phys. Lett. B 234, 339 (1990); Nucl. Phys.
B 336, 18 (1990).
11. G. Marchesini, Nucl. Phys. B 445, 40 (1995)
[hep-ph/9412327].
12. J.R.Forshaw and A. Sabio Vera, Phys. Lett.
B 440, 141 (1998) [hep-ph/9806394];
B.R. Webber, Phys. Lett. B 444, 81 (1998)
[hep-ph/9810286];
G.P. Salam, [hep-ph/9902324]; C. Ewerz and
B.R. Webber, [hep-ph/9904244].
13. L.N. Lipatov and V.S. Fadin, Yad. Fiz. 50,
1141 (1989) [Sov. J. Nucl. Phys. 50, 712
(1989)]; V. Del Duca, Phys. Rev. D 54,
989 (1996) [hep-ph/9601211]; V.S. Fadin and
L.N. Lipatov, Nucl. Phys. B 477 767 (1996)
[hep-ph/9602287];
V. Del Duca, Phys. Rev. D 54, 4474 (1996)
[hep-ph/9604250].
14. V.S. Fadin and L.N. Lipatov, Nucl. Phys. B
406, 259 (1993); V.S. Fadin, R. Fiore and
A. Quartarolo, Phys. Rev. D 50 5893 (1994)
[hep-th/9405127].
15. V.S. Fadin, R. Fiore and
M.I. Kotsky, Phys. Lett. B 389, 737 (1996)
[hep-ph/9608229]; V.S. Fadin, Proceedings
of the LAFEX International School on High-
Energy Physics (LISHEP 98), Rio de Janeiro,
4Brazil [hep-ph/9807528].
16. V. Del Duca and C.R. Schmidt, Phys. Rev. D
59, 074004 (1999) [hep-ph/9810215].
17. V.S. Fadin, R. Fiore and M.I. Kotsky,
Phys. Lett. B 359, 181 (1995); B 387
593 (1996) [hep-ph/9605357]; V.S. Fadin,
R. Fiore and A. Quartarolo, Phys. Rev. D
53, 2729 (1996) [hep-ph/9506432]; J.
Blu¨mlein, V. Ravindran and W.L. van
Neerven, Phys. Rev. D 58, 091502 (1998)
[hep-ph/9806357].
18. Z. Bern, V. Del Duca and C.R. Schmidt,
Phys. Lett. B 445, 168 (1998)
[hep-ph/9810409].
19. Z. Bern, V. Del Duca, W.B. Kilgore and C.R.
Schmidt, [hep-ph/9903516]; D.A. Kosower
and P. Uwer, [hep-ph/9903515].
20. V.S. Fadin and L.N. Lipatov, Phys. Lett. B
429, 127 (1998) [hep-ph/9802290].
21. G. Camici and M. Ciafaloni, Phys. Lett. B
412, 396 (1997); Erratum-ibid. B 417, 390
(1998) [hep-ph/9707390]; Phys. Lett. B 430,
349 (1998) [hep-ph/9803389].
22. C.R. Schmidt, [hep-ph/9904368].
23. D.A. Ross, Phys. Lett. B 431, 161 (1998)
[hep-ph/9804332].
24. G.P. Salam, JHEP 9807 019
(1998) [hep-ph/9806482]; M. Ciafaloni and
D. Colferai, Phys. Lett. B 452, 372 (1999)
[hep-ph/9812366]; M. Ciafaloni, D. Colferai
and G.P. Salam, [hep-ph/9905566].
25. B. Andersson, G. Gustafson and J. Samuels-
son, Nucl. Phys. B 467, 443 (1996); L.N. Li-
patov, talk presented at the 4th Workshop
on Small-x and Diffractive Physics, Fermilab,
1998.
26. C.R. Schmidt, [hep-ph/9901397].
27. V. Del Duca and C.R. Schmidt, Phys. Rev. D
57, 4069 (1998) [hep-ph/9711309];
M. Ciafaloni Phys. Lett. B 429, 363
(1998) [hep-ph/9801322]; M. Ciafaloni and
D. Colferai, Nucl. Phys. B 538, 187 (1999)
[hep-ph/9806350].
